The Localization Dichotomy for gapped periodic quantum systems by Monaco, D. et al.
ar
X
iv
:1
61
2.
09
55
7v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
30
 D
ec
 20
16
The Localization Dichotomy for gapped periodic quantum systems
Domenico Monaco⋆, Gianluca Panati⋄,∗ Adriano Pisante⋄, and Stefan Teufel⋆
⋆: Eberhard Karls Universita¨t Tu¨bingen, 72076 Tu¨bingen, Germany and
⋄: “Sapienza” Universita` di Roma, 00185 Roma, Italy
(Dated: December 30, 2016)
We investigate the localization properties of gapped periodic quantum systems, modeled by a
periodic or covariant family of projectors, as e. g. the orthogonal projectors on the occupied orbitals
at fixed crystal momentum for a gas of non-interacting electrons. We prove a general localization
dichotomy for dimension d ≤ 3: either the system is topologically trivial i. e. all the Chern numbers
vanish, or any arbitrary choice of composite Wannier functions yields an infinite expectation value for
the squared position operator. Equivalently, in the topologically non-trivial phase, the localization
functional introduced by Marzari and Vanderbilt diverges, as already noticed in the case of the
Haldane model. Our result is formulated by using only the relevant symmetries of the system, and
it is thus largely model-independent. Possible applications include both tight-binding and continuous
models of crystalline solids, cold gases in optical lattices as well as flat band superconductivity.
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The profound result by Thouless et al. [1]
first highlighted the relation between the trans-
port properties of a gapped periodic quantum
system and the topology of the space of occu-
pied states, decomposed with respect to crys-
tal momentum. After a pioneering intuition
by Haldane [2], this transport-topology rela-
tion appeared to be ubiquitous in condensed-
matter physics, being a key feature to under-
stand topological insulators and superconduc-
tors [3–5], cold atoms in optical lattices [6–
8], flat band superconductivity [9] as well as
macroscopic polarization and piezoelectric cur-
rents [10–12]. Remarkably, topological trans-
port is robust with respect to disorder and
interactions, as confirmed by recent rigorous
results based on renormalization group tech-
niques [13]: In the Hubbard-Haldane model,
the transverse conductivity of a gas of inter-
acting electrons is exactly equal to that of a
non-interacting gas, provided the coupling con-
stant is sufficiently small.
In this Letter, we show that, for any gapped
periodic quantum system, the topology of the
space of occupied states has profound conse-
quences for the localization properties of the
system. We are interested in periodic systems,
where the eigenstates of the Hamiltonian (e. g.
Bloch orbitals for a non-interacting electron
gas) are extended over the whole space. There-
fore, to distinguish between localized and de-
localized states of the system, we use a finer
notion of localization, which is provided by the
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maximally-localized composite Wannier func-
tions (CWFs) [14, 15]. Specifically, we show
that for every gapped periodic d-dimensional
quantum system with d ≤ 3 there is a local-
ization dichotomy, in the following sense:
(i) either the space of occupied states is
topologically trivial, and correspondingly
there exists a system of exponentially lo-
calized composite Wannier functions, as
shown in [16];
(ii) or any system of composite Wannier func-
tions w = (w1, . . . , wm) yields a diverging
second moment of the position operator,
i. e.
〈X2〉w =
m∑
a=1
∫
Rd
|x|2 |wa(x)|
2dx = +∞. (1)
Notice that, whenever the system enjoys time-
reversal symmetry, either bosonic or fermionic,
we are in case (i), as argued in [16–18]. Vicev-
ersa, breaking time-reversal symmetry yields
generically to case (ii). Intermediate regimes
are forbidden, as we prove below. We also prove
that one can always choose a Bloch gauge such
that the corresponding CWFs satisfy
m∑
a=1
∫
Rd
|x|2s |wa(x)|
2dx < +∞ ∀s < 1. (2)
Assuming that the Wannier functions have a
power-law decay at infinity as wa(x) ≍ |x|
−r
for |x| → ∞, the comparison between (1) and
(2) yields the optimal asymptotic decay in the
delocalized regime:
wa(x) ≍
®
|x|−2 for d = 2,
|x|−5/2 for d = 3.
(3)
2The 2-dimensional result agrees with the pre-
diction in [19] and with previous results for the
Haldane model [20]. Our analysis is instead
model-independent, it applies to both tight-
binding and continuous models, as well as to
interacting electron gases within the Hartree-
Fock approximation. Notice that the previous
asymptotic decay implies that, in the topologi-
cally non-trivial phase, the Marzari-Vanderbilt
localization functional [14] diverges, as noticed
in [20]: we expect a logarithmic divergence to
appear as the numerical mesh in k-space be-
comes finer and finer.
The starting point of our analysis is a family
of orthogonal projectors {P (k)}, where P (k)
projects on the manifold of occupied states at
fixed crystal momentum k. For example, in the
case of independent electrons in a crystal, one
has
P (k) =
m∑
n=1
|un,k〉 〈un,k| (4)
where m is the number of Bloch bands below
the Fermi energy (assumed to lie in an energy
gap) and un,k(x) is the periodic part of the
Bloch function ψn,k: ψn,k(x) = e
ik·xun,k(x). It
solves the eigenvalue equation for the operator
H(k) = 1
2
(
− i∇x−
1
cA(x)+k
)2
+Vper(x) (5)
(in Ha) where Vper is periodic with respect to a
Bravais lattice, and A(x) is either periodic (as
in Chern insulators), or linear, i. e. correspond-
ing to a uniform magnetic field (as in Quantum
Hall systems). Similarly, one might also inter-
pret (4) as the orthogonal projector on the oc-
cupied Bloch orbitals of a tight-binding model,
as the Haldane [2] or the Hofstadter model [21].
In the case of interacting fermions, one con-
siders instead the ground state of a periodic
many-body Hamiltonian, as e. g. the Hubbard-
Haldane Hamiltonian [13]. In the thermody-
namic limit, the corresponding 1-body density
matrix, here denoted by ρ, commutes with the
lattice translations. Hence, it can be decom-
posed with respect to the crystal momentum
as a (generalized) direct sum
ρ =
∫ ⊕
Td
ρ(k)dk (6)
where Td is a d-dimensional torus. Within
the Hartree-Fock (HF) approximation, both ρ
and ρ(k) are orthogonal projectors [22], and
the family {P (k) ≡ ρ(k)} is thus the start-
ing point of our analysis in the HF setting.
Beyond the HF approximation, as e. g. when
highly-correlated electrons are considered, our
approach needs instead substantial modifica-
tions, which will be investigated in the future.
In this broader setting the position operator
is replaced by Xˆ =
∑N
i=1 xi as in [23] and
the Wannier transform should be appropriately
modified.
Since the system is gapped, one has that
k 7→ P (k) is real analytic (7)
as shown in [24], see [25, 26]. Moreover, the
family of projectors must be compatible with
the periodicity of the system. This means that
when k is shifted by the reciprocal lattice vector
g, one has
P (k+ g) = τg P (k) τ
−1
g (8)
where τg are unitary operators such that
τg1τg2 = τg1+g2 for every g1,g2 in the recip-
rocal lattice R∗. For example, in the case of
non-interacting electrons un,k(x) satisfies
un,k+g(x) = e
−ig·x un,k(x). (9)
Therefore, the Fermi projector (4) satisfies (8),
with τg = e
−ig·x. For tight-binding models,
one has instead τg = 1 for every g, i. e. period-
icity holds
P (k+ g) = P (k) ∀g ∈ R∗. (10)
For the sake of a concise exposition, in this let-
ter we focus on the periodic case (10), while
the general case (8) is detailed in the compan-
ion paper [27].
It is by now well known that, in general, pe-
riodic orthonormal frames (u1,k, . . . , um,k) con-
sisting of Bloch functions which depend con-
tinuously on k may not exist. The reason is
twofold. First of all, a local obstruction ap-
pears at those point k where two (or more)
Bloch bands intersect each other. In one di-
mension, Kohn [28] showed that it is possible
to define Bloch states that are analytic func-
tions of k. In two and three dimensions, this
is generically not possible [29]. On the other
hand, Blount [30] noticed that the regularity
properties of Bloch functions can be improved
by considering a set of states, corresponding to
a composite energy band [29], which are sepa-
rated by an energy gap from all others.
We callBloch frame an orthonormal system
of functions (v1,k, . . . , vm,k) that span the same
vector space as the m Bloch states of the com-
posite band, so that P (k) =
∑
a |va,k〉 〈va,k|. In
the HF many-body setting, the latter equation
is instead the definition of a Bloch frame.
3It can be shown that there always exists a
choice of va,k such that k 7→ va,k is locally con-
tinuous. However, patching these functions to-
gether in a continuous way can be achieved, in
general, only at the price of losing the period-
icity property (10) for the quasi-Bloch states.
This is the origin of a second, global ob-
struction, namely the one to the existence
of a globally continuous and periodic Bloch
frame. The latter is of topological nature, and
is encoded in the Chern number(s) provided
d ≤ 3 [1, 11, 32, 33]. Whenever the system is
time-reversal symmetric, the latter global ob-
struction vanishes, and a continuos (actually,
analytic) periodic Bloch frame exists [16–18].
It can be explicitly constructed whenever the
time-reversal operator is even [34–36].
Composite Wannier functions are the coun-
terpart, in position space, of quasi-Bloch func-
tions. More precisely, given a periodic Bloch
frame vk = (v1,k, . . . , vm,k) (not necessarily
continuous), the corresponding system of com-
posite Wannier functions w = (w1, . . . , wm) is
defined by
wa(x) :=
1
|B|
∫
B
eik·xva,k(x) dk (11)
where B denotes the first (magnetic) Brillouin
zone, and |B| its volume.
Since the Wannier transform (11) intertwines
the operator i∇k with multiplication times x
[25, 26], the rate of decay of composite Wan-
nier functions as |x| → ∞ crucially depends on
the regularity in k of the corresponding Bloch
frame. Quantitatively, a system of CWFs sat-
isfies
m∑
a=1
∫
Rd
|x|2 |wa(x)|
2dx < +∞ (12)
if and only if the corresponding Bloch frame
satisfies
m∑
a=1
∫
B
dk
∫
Y
dx |∇kva,k(x)|
2 < +∞ (13)
where Y is a centered unit cell for the Bra-
vais lattice. More general relations can be ob-
tained, relating the validity of the equation (2)
to a constraint on the type of singularity the
map k 7→ vk may have, as detailed in [27].
For example, for 2-dimensional systems equa-
tion (2) is compatible with a singularity like
va,k ≍ |k − k0|
−1 for k → k0, but not with a
more severe one.
As already stated, when d = 2 or d = 3 a
non-zero Chern number prevents the existence
of a continuous and periodic Bloch frame; how-
ever, they can be chosen to be smooth, or even
analytic, when d = 1 [28]. Going to polar coor-
dinates, this allows to construct Bloch frames
which are smooth along the radial coordinate
in B; a loss of regularity is necessary in the an-
gular direction. Singularities are then concen-
trated at a point (when d = 2, cf. [20]) or along
lines (when d = 3), near which the growth of
the gradient of the Bloch frame is inversely pro-
portional to the distance to the singular locus
S, namely |∇va,k| ≍ | dist(k, S)|
−1. The typi-
cal singular locus for a 3-dimensional Brillouin
zone is shown in Figure 1. A detailed analysis
[27] shows that this estimate implies (2) for the
associated Wannier functions, yielding our first
new result.
FIG. 1: The 3d singular locus S: lines propagate
from the singular points in the 2d faces of B. The
orthonormal axes correspond to adapted coordi-
nates [37].
We now prove the second novel result of this
paper, namely item (ii): we consider a system
for which (12) holds, so that (13) is also true,
and we prove that the manifold of occupied
states is topologically trivial by showing that
its first Cher numbers are zero (d ≤ 3). We use
the so-called abelian Berry connection [37]
A = −i
d∑
j=1
m∑
a=1
〈va,k|∂jva,k〉dkj (14)
where ∂j means
∂
∂kj
. A straightforward com-
putation, using only the Leibnitz property and
P (k) =
∑
a |va,k〉 〈va,k|, shows that its curva-
ture, locally expressed as Ω = dA, is given by
Ω =
∑
i<j
m∑
a=1
2 Im 〈∂iva,k|∂jva,k〉dki ∧ dkj (15)
=− i
∑
i<j
Tr
(
P (k) [∂iP (k), ∂jP (k)]
)
dki ∧ dkj
and is thus manifestly gauge invariant. Here, Tr
is the trace in the Hilbert space in which P (k)
acts, which depends on the model considered.
4For simplicity, we assume hereafter that all
singularities have the form
|∇va,k| ≍ | dist(k, S)|
−β (16)
for some β > 0. We emphasize that this as-
sumption is actually not necessary [27].
For d = 2, topology is characterized by a
unique Chern number, which is proportional to
the integral of Ω over the whole Brillouin torus,
namely c1(P ) =
1
2π
∫
B
Ω ∈ Z. Under the sim-
plifying assumption (16), we can use the argu-
ment in [20]: a small disk Bδ of radius δ > 0
is removed from the (centered) Brillouin zone.
Hence, for any periodic Bloch frame vk one has
c1(P ) =
1
2pi
∫
B
dA =
1
2pi
lim
δ→0
Ç∫
∂B
A−
∫
∂Bδ
A
å
where ∂B is the boundary of the Brillouine
zone. The first integral vanishes since vk is pe-
riodic. The second integral depends on the sin-
gularity: in the limit δ → 0, it yields zero if
β < 1, a finite number if β = 1, and +∞ if
β > 1. Hence, if c1(P ) 6= 0, one concludes that
β = 1, which is however incompatible with the
assumption (13). Therefore, c1(P ) = 0 must
hold true, and topological triviality is proved.
The case d = 3 goes along the same lines,
as detailed in [27]. For d = 3 the topological
triviality is characterized by three Chern num-
bers [17], which correspond to the integral of Ω
over the 2-dimensional tori Bi,j ⊂ B, where e. g.
B1,2 = {k ∈ B : k3 = 0} and so on. By remov-
ing suitable disks as above, one concludes that if∫
B1,2
Ω 6= 0 a typical singularity in the form (16)
with β = 1 appears. By choosing the k3-axis
tangent to the singular locus and using polar co-
ordinates, one has |∇va,k| ≍ |k sin θk|
−1 which
is however not compatible with (13). Hence,∫
Bi,j
Ω must vanish for every i, j with i < j.
We conclude that, if there exists a system of
CWFs such that (12) holds true, then all the
Chern numbers vanish and the system is topo-
logically trivial also for d ≤ 3.
In this Letter, we considered a gapped peri-
odic quantum system, described by a family of
orthogonal projectors {P (k)} satisfying prop-
erty (7) and either (8) or (10). This formalism
encompasses both tight-binding and continuous
models, since it relies only on the gap condi-
tion and the periodicity of the system. More-
over, our approach applies to gases of interact-
ing electrons modeled within the HF approxi-
mation, provided one identifies P (k) with ρ(k),
as in the decomposition (6) of the 1-body den-
sity matrix.
We showed that whenever the second mo-
ment of the position operator 〈X2〉w is finite,
for an arbitrary system w of CWFs, then all the
Chern numbers must be zero. Since the latter
are related to the transverse conductivity of a
2-dimensional electron gas [1, 2], we conclude
that 〈X2〉w < +∞ implies the vanishing of the
Hall conductivity. Viceversa, whenever the sys-
tem is in a topologically non-trivial phase (as
it may happen when time-reversal symmetry
is broken), the system state is delocalized, in
the sense that 〈X2〉w = +∞ for every possible
choice of CWFs.
The latter results have crucial implications
for many realms of condensed matter physics.
For example, recent progresses in flat band su-
perconductivity [9] show that for 2d systems
the superfluid weight Ds satisfies Ds ≥ |c1(P )|,
where c1(P ) is the first Chern number and P is
the relevant family of projectors. In view of our
localization dichotomy, a non-vanishing Chern
number implies the delocalization of compos-
ite Wannier functions, which might be related
to the existence of a long-range order associated
to the phase transition. Similarly, our approach
can be applied to cold atoms in optical lattices
[6, 7]. Our result shows that, whenever time-
reversal symmetry is broken, the usual deriva-
tion of effective tight-binding models for the
dynamics of the condensate [8] should be han-
dled with care, since in a topologically non-
trivial phase the well-localized Wannier func-
tions which are used in in the derivation do not
exist. These and other consequences will be
further investigated in the future.
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